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Finite deformationsThis paper extents the directional distortional hardening model of Feigenbaum and Dafalias (2007) into
the range of large plastic deformations. This model allows the yield surface to deform such that a region
of high curvature develops approximately in the direction of loading and a region of ﬂattening develops
on the opposite side. To extend this model into large deformations and in order to ensure positive dissi-
pation and objectivity, hardening rules are derived from thermodynamic conditions in terms of corota-
tional rates. Since this model includes a fourth order tensor-valued hardening internal variable, the
corotational rates for fourth order tensors are examined in this work employing the concept of plastic
spin. Several choices for plastic spins are presented and used for the simulation of the response under
simple shear loading up to 1000% strain.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The purpose of this paper is to extend the work of Feigenbaum
and Dafalias (2007) on Directional Distortional Hardening (DDH)
from small to large deformations, within the general constitutive
framework described in the sequel. Therefore, and in order to avoid
repetitions, reference to equations and quantities in Feigenbaum
and Dafalias (2007) will often be made here without detailed
explanations, hence, it is advisable that the present work is read
in conjunction with Feigenbaum and Dafalias (2007). In particular
the superscript ⁄ will denote an equation number of reference
Feigenbaum and Dafalias (2007) in order to distinguish it from
equations of the present work. In the process it will be seen that
such extension to large deformations can be some times straight-
forward but in other cases it requires special treatment in regards
to the use of appropriate rates in the formulation. Parts of this
work are based on Feigenbaum (2008).
Large deformations differ from small deformations in that a dis-
tinction must be made between the current conﬁguration and a
previous reference conﬁguration. These two conﬁgurations are
related by the deformation gradient. The ﬁrst assumption in large
deformation plasticity is that the deformation gradient, F , can be
multiplicatively decomposed into elastic and plastic parts:
F ¼ FeFp ð1ÞFor this work, it will be assumed that the elastic deformations
remain small and that the elastic rotation is zero without loss of
generality as shown in Dafalias (1987). It follows that Fe  I within
order  compared to large plastic deformations such that F  Fp.
Therefore the velocity gradient, L, is also approximately equal to
only the plastic part, i.e. L  Lp within order . This velocity gradient
can be additively decomposed into symmetric and antisymmetric
parts, the plastic rate of deformation Dp and the material spin W
at the current conﬁguration, respectively, given by:
L ¼ _FF1  _FpFp1 ¼ Dp þ _FpFp1
 
a
¼ Dp þW ð2Þ
where a superposed dot implies the rate and W ¼ _FpFp1
 
a
is the
antisymmetric part of the plastic velocity gradient which in this
case is approximately the same as the total material spin, i.e. the
antisymmetric part of the velocity gradient. In the general case
the antisymmetric part of the plastic velocity gradient is called plas-
tic material spin (but not plastic spin) as elaborated in Dafalias
(1998, 2011).
Motivated by the kinematics of single crystal plasticity, the
antisymmetric part of the plastic velocity gradient is assumed to
additively decompose as follows:
W ¼ xþWp ð3Þ
wherex is the substructure or constitutive spin andWp is the plas-
tic spin (Dafalias, 1983, 1985, 1998, 2011; Kratochvil, 1973; Loret,
1983; Mandel, 1971). When there are multiple tensor internal vari-
ables, there may be one constitutive spin and one corresponding
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the multiple plastic spins theories (Dafalias, 1993, 1998, 2011).
Such differentiation of spins reﬂects the particular physics associ-
ated with the evolution of each individual internal variable and is
based on the hypothesis that there is no single substructure for
all internal variables, but rather there are different versions of sub-
structural spins in conjunction with the physical speciﬁcs expressed
by each internal variable. In this case Eq. (3) must be re-written for
each internal variable as (Dafalias, 1998, 2000)
W ¼ xi þWpi ð4Þ
where the subscript i indicates the corresponding internal variable
to which the constitutive and plastic spins of Eq. (4) correspond. The
plastic spin requires an additional constitutive description, which
will be described in a later section in detail. Its general form will be
Wpi ¼ kh iXpi ð5Þ
with Xpi a function of the state variables. Because under a super-
posed rigid body rotation R the W and xi change as (Dafalias,
1985; Lee et al., 1983)
W ¼ RWRT þ _RRT ; xi ¼ RxiRT þ _RRT ð6Þ
it follows from Eqs. (5) and (6) that
Xpi ¼ RXpi RT ð7Þ2. Co-rotational rates
In small deformations and rotations theories, rate equations
deﬁne how internal variables evolve. In large deformations and
rotations one is faced with the additional requirement of invari-
ance of the rate equations under superposed rigid body rotations.
Within the assumption of small elastic deformations without rota-
tion adopted in the foregoing, such invariance is imposed on the
current conﬁguration which is approximately the relaxed conﬁgu-
ration. For the more general case one can refer to Dafalias (1985,
1987, 1998, 2011). Such invariance can be satisﬁed if the rate of
an internal variable is substituted by an objective rate, which
may be of the convected type or the corotational type, depending
on the way the internal variable has been embedded in the defor-
mation of the continuum. The convected type of embedding and
the associated convected rates have been recently examined in
detail by Dafalias (2011). Here, motivated by crystal plasticity only
corotational rates will be considered for the evolution equations of
the tensor-valued internal variables in relation to large plastic
deformations, assuming that the physics of plasticity is better
described by embedding the internal variables in the substructure
of the material (the lattice for metals) which spins and deforms
only elastically in the process of loading. The spin of the substruc-
ture will be the constitutive spin used in deﬁning the corotational
rate of evolution of an internal variable. Referring to the previous
section one may have different substructural or constitutive spins
for different internal variables according to Eq. (4). A corotational
rate is in fact a constitutive assumption and describes the change
of an internal variable as it is viewed by an observer who rides a
frame that spins by the constitutive spin, in regards to a ﬁxed
frame of reference.
To deﬁne co-rotational rates for different order tensors, con-
sider a material neighborhood in two different states. The two
states differ by a super-posed rigid body rotation which is charac-
terized by the orthogonal transformation tensor Q . Since this is the
same material entity, it is expected that all variables associated
with it, including stress, deformation, and internal variables, be
the same except for the rigid rotation. The rotated system will
henceforth be denoted with a superscript ⁄.Let us ﬁrst examine the case of superposed rigid body rotation
of a second order tensor, a. The rotated tensor is given as:
a ¼ Q ½a ¼ QaQ T ð8Þ
where the notation Q ½a was introduced by Dafalias (1985) as an
abbreviation for the proper rotational transformation of a tensor
irrespective of its order.
Taking now the rate of this equation gives:
_a ¼ Q _aQ T þ _QaQ T þ Qa _Q T ¼ Q _aþ Q T _Qaþ a _Q TQ
 
Q T
¼ Q _axaþ axð ÞQ T ¼ QaQ T ð9Þ
where x ¼ _Q TQ and a ¼ _axaþ ax is the corotational rate of a
with respect to the spin x.
The foregoing procedure and notation applied to second order
tensors by Dafalias (1985), was extended to general order tensors
by Hashiguchi (2003). Here we focus attention only to fourth order
tensors, A. The rotated fourth order tensor is given as:
A ¼ Q ½A; Aijkl ¼ QipQjqQkrQ lsApqrs ð10Þ
Taking the rate of this equation and applying straightforward alge-
bra leads to:
_Aijkl ¼QipQjqQkrQ ls _Apqrsþ _QipQjqQkrQ lsApqrsþQip _QjqQkrQlsApqrs
þQipQjq _QkrQ lsApqrsþQipQjqQkr _QlsApqrs
¼QipQjqQkrQ ls _Apqrsþ _QtvQtpAvqrsþ _QtvQtaApvrs

þ _QtvQtrApqvsþ _QtvQtsApqrv

¼QipQjqQkrQ ls _ApqrsxpvAvqrsxqvApvrsxrvApqvsxsvApqrv
 
¼QipQjqQkrQ lsApqrs ð11Þ
where x ¼ _Q TQ and Aprqs ¼ _Apqrs xpvAvqrs xqvApvrs xrvApqvs
xsvApqrv is the corotational rate of the tensor components Apqrs
with respect to the spin x.
The ⁄ frame is the substructural or constitutive frame in regards
to which the constitutive change of the internal variable takes
place, such change given by its rate _a or _A. On the other hand
the rate _a or _A represents the change of the internal variable per-
ceived by an observer associated with the ﬁxed reference frame,
but clearly this is not a constitutive change to be given by consti-
tutive relations, because in such a perception the spin x of the ⁄
frame intervenes and induces changes which are not constitutive.
To isolate the true constitutive change, one must subtract from
the rate _a or _A the terms due to such spinning of the constitutive
 frame, hence, the corotational ratea or A arises as deﬁned above
in Eqs. (9) and (11). This rate is to be used in the constitutive rate
equations of evolution of the internal variable. The corresponding
deﬁnition of the constitutive and plastic spins xi and W
p
i (in case
separate spins for each internal variable is necessary) becomes a
constitutive ingredient of the theory.
It is important now to mention that the corotational rates do
satisfy proper invariance under superposed rigid body rotations
or objectivity, to use an equivalent term. If a superposed rigid body
motion expressed by the orthogonal tensor R is imposed such that
the relation a ¼ R½a ¼ RaRT holds (a similar one for the fourth
order tensor), it can easily be shown that the corresponding coro-
tational rates are also related by a ¼ RaRT where now the a is
deﬁned as the corotational rate of a in regards to a spin
x ¼ RxRT þ _RRT , i.e. one has that a ¼ _a xa þ ax ¼ RaRT .
The previous relation between x and x is a necessary property
that a constitutive spin x must have in order to satisfy invariance
of the corotational rate of a variable in regards to this spin, as
shown in Lee et al. (1983), as part of its physical deﬁnition as the
spin of the substructure of the continuum (the lattice spin is one
such example in crystal plasticity).
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deformations and rotations
The yield function f is the same as that in Feigenbaum and
Dafalias (2007), namely
f ¼ ðs aÞ : H0 þ ðnr : aÞA½ ðs aÞ  k2 ¼ 0: ð12Þ
where s is the stress deviator, a the traceless back stress tensor,H0
a constant fourth order tensor representing initial texture anisot-
ropy, A refers to the fourth order evolving anisotropic tensor that
is symmetric with respect to its two pairs of indices (Feigenbaum
and Dafalias, 2007), and nr is the unit norm deviatoric tensor along
the radial direction s a. The symbol : implies the trace operation
between two neighboring pairs of indices of two adjacent tensors of
any order.
The associative ﬂow rule is given by
Dp ¼ hki @f
@r
ð13Þ
where Dp is deﬁned in Eq. (2) and substitutes for the plastic strain
rate of small deformation theory, r is the Cauchy stress and @f
@r is
given by Eqs. (8)* and (9)* of Feigenbaum and Dafalias (2007).
3.1. Evolution laws
The evolution laws describe the constitutive change of the
internal variables, therefore they are written in terms of corota-
tional rates. These evolution laws can still be derived from thermo-
dynamics. The assumptions about energy storage in the material
are the same as those presented in Feigenbaum and Dafalias
(2007), namely
wp ¼ wisop þ wanip ; wanip ¼ wkinp  wdisp ð14Þ
where wisop ;w
ani
p ;w
kin
p , and w
dis
p are respectively the isotropic, aniso-
tropic, kinematic, and distortional parts of the plastic free energy.
Again it is assumed that the material releases energy while distor-
tion of the yield surface occurs, hence the subtraction of wdisp from
wkinp in Eq. (14), and the argument to justify this release of energy
is the same as that presented in Feigenbaum and Dafalias (2007,
2008). Each part of the plastic free energy is assumed to take the fol-
lowing simple form
wisop ¼
j1
2q
k2c ; w
kin
p ¼
a1
2q
ac : ac; w
dis
p ¼
A1
2q
Ac :: Ac ð15Þ
where q is density, kc;ac , andAc are the thermodynamic conjugates
to k;a, and A, respectively, and j1; a1, and A1 are non-negative
material constants. The symbol :: implies the double trace operation
between four neighboring pairs of indices of two adjacent tensors of
any order (here of fourth order, Feigenbaum and Dafalias, 2007).
Note that the functions in Eq. (15) are the same as those in
Feigenbaum and Dafalias (2007).
With large deformations the dissipation inequality becomes:
r : Dp þ q _wp P 0 ð16Þ
Since wp must be an isotropic function of k;a and A due to invari-
ance under superposed rigid body motion, it was shown by Dafalias
(1985, 1987, 1998, 2011) and Hashiguchi (2003) that the following
is true:
_wp ¼
@wp
@k
_kþ @wp
@a
: _aþ @wp
@A
:: _A ¼ @wp
@k
_kþ @wp
@a
: aþ @wp
@A
:: A ð17Þ
where one can choose the corotational rates a and A of a and A
with respect to any spin. In particular one would like to choose that
a and A are related to the constitutive spins associated with the
evolution of a andA, respectively, such constitutive spins given by:xa ¼W Wpa; xA ¼W WpA ð18Þ
where Wpa and W
p
A are the plastic spins associated with a and A,
respectively and where for generality different constitutive and
plastic spins were given for a and A (it could be the case that
xa ¼ xA and thus Wpa ¼WpA). However, notice that such a choice
of different spins cannot be done within the same rate Eq. (17) for
wp for which an arbitrary but same spin must be considered in tak-
ing the corotational rates. On the other hand observe from Eqs. (14)
and (15) that the wp is additively decomposed in three separate
parts corresponding to each internal variable, according to
wp ¼ wisop þ wkinp  wdisp and that each part is an isotropic function of
this internal variable alone. Therefore, for each part one can choose
freely the corotational rate with the corresponding constitutive
spin, because now the rate of wp is additively decomposed to the
rates of wisop ;w
kin
p and w
dis
p , the last one with a minus sign. In essence
the foregoing amounts to substituting wisop , w
kin
p and wdisp for wp in
the three partial derivatives of the second and third members of
Eq. (17) taken in regards to the three internal variables k;a and
A, correspondingly. Notice that no corotational rate is given for k
because it is a scalar.
Substituting the ﬂow rule of Eq. (13) and the expression (17)
into the dissipation inequality (16) in conjunction with the use of
Eq. (15) to relate the thermodynamic conjugate quantities as
shown in Eq. (16)* of Feigenbaum and Dafalias (2007), one has:
hki k2 þ js aj2 3
2
þ nr : að Þnr : A : nr
  
þ a
: Dp  1
a1
a
 	
 1
j1
k _kþ 1
A1
A :: A P 0 ð19Þ
where the corotational rates for a and A entering inequality (19)
are taken with respect to different constitutive spins (but keep
same notation for simplicity). Following the same procedure as
Feigenbaum and Dafalias (2007, 2008), sufﬁcient conditions are
now needed to insure the satisfaction of inequality (19). If inequal-
ity (19) is uncoupled into parts associated with each one of these
three internal variables, then the foregoing single inequality can
be split into the following three sufﬁcient conditions expressed by
the triplet of inequalities
k hkik 1
j1
_k
 	
P 0 ð20Þ
a : Dp  1
a1
a
 	
P 0 ð21Þ
hkijs aj2 3
2
þ nr : að Þnr : A : nr
 
þ 1
A1
A :: A P 0: ð22Þ
It is clear that the above step, being sufﬁcient but not necessary, is
more restrictive than requiring the satisfaction of the previous sin-
gle inequality, but this is a price the present modeling is eager to
pay. Furthermore, the following relations are sufﬁcient conditions
to ensure that (20) and (21) are satisﬁed:
hkik 1
j1
_k ¼ hkij2k2! _k ¼ hkij1k 1 j2kð Þ ð23Þ
Dp  1
a1
a ¼ hki @f
@r









a2a!a ¼ hki @f@r









a1 n a2að Þ ð24Þ
where n is the outward normal to the yield surface unit norm devi-
atoric tensor, j2 and a2 are non-negative material constants and the
ﬂow rule, Eq. (13), was used for Dp.
Following Feigenbaum and Dafalias (2007), the following rela-
tion is proposed to achieve a directional distortional hardening rule
with a simple condition which guarantees that (22) is always
satisﬁed,
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A ¼ 3
2
hki s aj j2A2A ::
A!A ¼ hkiA1 s aj j2 nr : að Þnr  nr þ 32A2A
 
ð25Þ
where A2 is a non-negative material constant and the symbol ‘‘’’
means dyadic or tensor product, in this case a tensor product
between two second order tensors which yields a fourth order ten-
sor (notice that nr : Anr ¼ A :: nr  nr ¼ nrijAjilknrkl ). In order for Eq.
(25) to satisfy inequality (22) it is straightforward to show that nec-
essarily the condition
A2A :: A 6 1; 8A: ð26Þ
must be satisﬁed during any process.
Because the hardening rules in Eqs. (23)–(25) are evanescent
memory type, all internal variables approach a ﬁnite limit. These
limit values can be obtained by setting the rates in Eqs. (23)–(25)
equal to zero. When the limits to all internal variables are reached,
the plastic modulus is zero, i.e. one reaches the state of perfect
plasticity as expected. As was shown in Feigenbaum and Dafalias
(2007), the radial unit norm tensor is the same as the outward nor-
mal unit norm tensor when the limits for all internal variables are
reached, i.e. nlr ¼ nl, where the limit is indicated by superscript l.
Using this fact and setting A ¼ 0, the limit for A can be found as
Al ¼  2
3A2
nlr : a
l
 
nlr  nlr ¼ 
2
3A2a22
nlr  nlr ð27Þ
which is the same as the limit for A found in Feigenbaum and
Dafalias (2007). The only difference in this case is that the limit of
A implies that A ¼ 0 so an observer traveling with the constitutive
frame of A would see that A is constant, but another observer at a
ﬁxed frame will seeA rotating. The maximum ofA ::A is assumed
to be at the limit given by A l ::A l. This assumption is reasonable
because A begins at 0 and evolves in an evanescent memory way.
Thus the thermodynamic constraint in (26) can be reduced to
A2A
l :: A l 6 1 ð28Þ
which by substitution of the value of A l from Eq. (27) and the rela-
tion ðnlr  nlrÞ :: ðnlr  nlrÞ ¼ 1, yields exactly the same constraint on
a2 and A2 found in Feigenbaum and Dafalias (2007), namely,
a22A2 P
4
9
ð29Þ3.2. Consistency condition
The loading index k appears in Eqs. (23)–(25) and is still not
deﬁned. To ﬁnd an expression for k the consistency condition,
_f ¼ 0, must be employed
_f ¼ @f
@r
: _rþ @f
@a
: _aþ @f
@A
:: _A þ @f
@k
_k ¼ 0 ð30Þ
Before we proceed a comment is relevant. Due to invariance
under superposed rigid body motion the f is an isotropic function
of its state variables. Thus, one could employ in the above Eq.
(30) corotational rates with respect to any spin for the tensorial
variables a and A, as done before for wp in Eq. (17). However, con-
trary to the case with wp which is additively decomposed into
wisop ;w
kin
p and wdisp with each part being an isotropic function of a
single internal variable k, a and A, rendering possible to apply
the different constitutive spin for each one, now the f cannot be
decomposed into parts and the spin to be used can be arbitrary
but it must be the same for all internal variables. Such restriction
does not allow use of the corresponding constitutive spins for eachinternal variable because such spins are different, in general,
hence, a different approach will be followed similar to that applied
in Dafalias (1998, 2011).
Introducing r
O
as the Jaumann stress rate, i.e. the co-rotational
rate of r with respect to the material spin W , the ﬁrst term on
the right hand side of Eq. (30) may be rewritten as:@f
@r
: _r ¼ @f
@r
: r
O þWr rW
h i
¼ @f
@r
: r
O þ r @f
@r
 @f
@r
r
 
: W ð31Þ
Note that the last term in brackets, i.e. the factor of W , is not zero
because the function f is an isotropic function of r and other argu-
ments (see Eq. (36) in the following). Using the deﬁnition of a coro-
tational rate for a second order tensor as well as Eqs. 5, 6, 7 and (18)
the second term on the right hand side of Eq. (30) may be rewritten
as:@f
@a
: _a¼ @f
@a
: aþxaaaxa½ 
¼ @f
@a
: kh iaþ WWpa
 
aa WWpa
  
¼ @f
@a
: kh iaþWaaWWpaaþaWpa
 
¼ @f
@a
: kh iaþWaaW kh iXpaaþa kh iXpa
 
¼ kh i  @f
@a
:aþXpaa :
@f
@a
 @f
@a
:aXpa
 
þWa : @f
@a
 @f
@a
:aW
¼ kh i  @f
@a
:aþ a @f
@a
 @f
@a
a
 	
:Xpa
 
þ a @f
@a
 @f
@a
a
 	
:W ð32Þ
where a ¼ a= kh ican be identiﬁed from Eq. (24) and Wpa ¼ kh iXpa as
per Eq. (5). Similarly, the third term on the right hand side of Eq.
(30) can be rewritten using the deﬁnition of :: and the co-rotational
rate of a fourth order tensor given by Eq. (11), as follows:@f
@A
:: _A ¼ @f
@Aijlk
_Aijkl
¼ @f
@Aijkl
AijklþxAiqAqjklþxAjqAiqklþxAkqAijqlþxAlqAijkq
h i
¼ @f
@Aijkl kh iAijklþWiqAqjklþWjqAiqklþWkqAijqlþWlqAijkq

WpAiqAqjklW
p
Ajq
AiqklWpAkqAijqlW
p
A lq
Aijkq
i
¼ kh i  @f
@AijklAijklþ
@f
@AijklX
p
A iq
Aqjklþ @f
@AijklX
p
Ajq
Aiqkl

þ @f
@AijklX
p
Akq
Aijqlþ @f
@AijklX
p
Alq
Aijkq

þ @f
@AijklWiqAqjkl
þ @f
@AijklWjqAiqklþ
@f
@AijklWkqAijqlþ
@f
@AijklWlqAijkq ð33Þ
where A ¼ A= kh i and WpA ¼ kh iXpA according to Eq. (5). Rearrang-
ing indices and making use of the symmetries of A given in Eq. (2)*
of Feigenbaum and Dafalias (2007) yields:@f
@A
:: _A ¼  kh i  @f
@AijklAijkl þ
@f
@Alkji X
p
Aiq
Aqjkl þ @f
@Alkji X
p
Aiq
Ajqkl

þ @f
@Alkji X
p
Akq
Aijql þ @f
@AkljiX
p
Akp
Aijlq

þ @f
@Alkji WiqAqjkl
þ @f
@Alkij WiqAjqkl þ
@f
@Alkji WkqAijql þ
@f
@Aklji WkqAijlq
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@AijklAijkl þX
p
Aiq
@f
@AlkjiAqjkl þ
@f
@AlkjiAjqkl

þ @f
@AlikjAkjql þ
@f
@AiljkAkjlq
	
þWiq @f
@AlkjiAqjkl þ
@f
@AlkjiAjqkl þ
@f
@AlikjAkjql þ
@f
@AiljkAkjlq
 	
¼  kh i  @f
@AijklAijkl þ 2X
p
Aiq
@f
@AijklAqjkl þ
@f
@AiljkAqlkj
 	 
þ2Wiq @f
@AijklAqjkl þ
@f
@AiljkAqlkj
 	
¼  kh i  @f
@A
:: A þ 2 A . .. @f
@A
 @f
@A
. .
.
A
 	
: XpA
 
þ2 A . .. @f
@A
 @f
@A
. .
.
A
 	
: W ð34Þ
where A . .
.
B
 	
lq
¼ AijklBijkq.
Substitution of Eqs. (31), (32) and (34) into Eq. (30) gives:
_f ¼ @f
@r
: r
O  kh i  @f
@k
k @f
@a
: a @f
@A
:: A
 	
þ a @f
@a
 @f
@a
a
 	
: Xpa

þ2 A . .. @f
@A
 @f
@A
. .
.
A
 	
: XpA

þ r @f
@r
 @f
@r
r
 	
þ a @f
@a
 @f
@a
a
 	
þ 2 A . .. @f
@A
 @f
@A
. .
.
A
 	
: W ¼ 0 ð35Þ
where k ¼ _k= kh i can be identiﬁed from Eq. (23). It was shown in Eq.
(A4) of Dafalias (1998), that for an isotropic scalar valued function f
of second order tensorial variables ai the identity
aTi ð@f=@aiÞ  ð@f=@aiÞaTi ¼ 0 holds true, where summation is implied
over the repeated index i and the superscript T for the transpose is
omitted if the ai are symmetric. Such identity follows as a direct
corollary of the aforementioned proof about using an arbitrary spin
for corotational rates in taking the rate _f by Dafalias (1985, 1998,
2011), generalized to higher order tensors by Hashiguchi (2003).
The foregoing identity in regards to second order tensors ai can eas-
ily be generalized to include also fourth order tensors in f. Thus,
with f being an isotropic function of r;a andA, the identity derived
in Dafalias (1998, 2011) can be written now as
r
@f
@r
 @f
@r
r
 	
þ a @f
@a
 @f
@a
a
 	
þ2 A . .. @f
@A
 @f
@A
. .
.
A
 	 
¼0
ð36Þ
where use of the indicial symmetries ofA was made for the appear-
ance of the factor 2 in front of the last parentheses. Hence, the last
part of the right hand side of Eq. (35) in brackets, whose trace of
product with W is taken, is identically equal to zero. Thus, solving
Eq. (35) for k one has
k ¼
@f
@r : r
O
Kp þ a @f@a @f@a a
 
: Xpa þ 2 A . .
.
@f
@A
 @f
@A
. .
.
A
 	
: XpA
ð37Þ
where the plastic modulus Kp is given as in the small deformations
theory by:
Kp ¼  @f
@k
kþ @f
@a
: aþ @f
@A
:: A
 	
ð38Þ
There is another equivalent way to obtain the loading index and
plastic modulus expression which we brieﬂy present below.
Borrowing a symbolic expression and operational deﬁnition
from Hashiguchi (2003) we deﬁne for an antisymmetric tensor X
and a second order symmetric tensor a the operation
X½aij ¼ Xiqaqj þXjqaiq ð39ÞClearly X½a is a symmetric second order tensor.
Similarly we deﬁne for an antisymmetric tensor X and a fourth
order tensorA, which without loss of generality for our purposes it
is assumed to possess the symmetries i j; k l; ij kl in regards to
its components Aijkl, the operation
X½Aijkl ¼ XiqAqjkl þXjqAiqkl þXkqAijql þXlqAijkq ð40Þ
Clearly X½A is a fourth order tensor with the same symmetries
i j; k l; ij kl as the ones A has.
Observe that the operator X½a or X½A processes the additive
property
ðX1 þX2Þ½S ¼ X1½S þX2½S ð41Þ
where S stands for either a or A.
The corotational rate of either a or A as deﬁned earlier in
regards to a generic spin X can now be symbolically written as
a ¼ _aX½a; A ¼ _A X½A ð42Þ
Let us now consider the consistency condition _f ¼ 0 as before.
However, instead of expressing it in terms of the rates of the state
variables r;a;A, and k, we express it in terms of the corotational
rates in regards to the same spin, which is chosen to be the mate-
rial spin W , such a possibility being the results of the isotropic
dependence of f on its variables as discussed earlier based on the
works of Dafalias (1985, 1987, 1998) and Hashiguchi (2003). Thus,
one has
_f ¼ @f
@r
: r
O þ @f
@a
: a
O þ @f
@A
:: A
O
þ @f
@k
_k ¼ 0 ð43Þ
where a superposed O implies the Jaumann corotational rate in
regards to W . Recalling now the relations xa ¼W Wpa,
xA ¼W WpA , Wpa ¼ kh iXpa, WpA ¼ kh iXpA , a ¼ kh ia and
A ¼ kh iA as well as the aforementioned additive property of the
operator X½ , the Jaumann corotational rates aO and A
O
in regards
to W can be written as
a
O ¼ _aW½a ¼ _a ððxa þWpaÞ½a ¼ _axa½a Wpa½a
¼ aWpa½a ¼ kh iðaXpa½aÞ ð44Þ
A
O
¼ _A W½A ¼ _A  ððxA þWpAÞ½A ¼ _A xA ½A
WpA ½A ¼ A WpA ½A ¼ kh iðA XpA ½AÞ ð45Þ
Substitution of these expressions together with _k ¼ kh ik in the
consistency condition, Eq. (43) above, yields an equation for k
which can be solved to give
k ¼
@f
@r : r
O
Kp þ @f@a : Xpa½a þ @f@A :: XpA ½A
ð46Þ
with Kp given as in the above Eq. (38). Given the aforementioned
symmetries of the operatorsXpa½a andXpA ½A as well as the symme-
tries of a and A, it can be shown that
@f
@a
:Xpa½a ¼2a
@f
@a
:Xpa ¼ a
@f
@a
 @f
@a
a
 	
:Xpa ð47Þ
@f
@A
::XpA ½A ¼4 A . .
. @f
@A
 	
:XpA ¼2 A . .
. @f
@A
 @f
@A
. .
.
A
 	
:XpA ð48Þ
based on which the above expression for k is identical to the one in
Eq. (37).
For the complete presentation of the model and with k; a and A
obtained from Eqs. (23)–(25), correspondingly, it remains to spec-
ify the constitutive and plastic spins as per Eq. (5) and Eq. (18), to
be given in the sequel.
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In order to study the effect that directional distortional harden-
ing has in large deformations and rotations, it is desired that kine-
matic hardening and directional distortional hardening be
completely decoupled. In Eq. (12) the term ðnr : aÞA is responsible
for directional distortion. Therefore there is inherent coupling
between kinematic hardening and directional distortional
hardening.
In order to eliminate this coupling, a second order tensor r is
introduced as the direction of distortion, giving the following yield
function:
f ¼ ðs aÞ : H0 þ nr : rð ÞA½  : ðs aÞ  k2 ¼ 0 ð49Þ
where the term ðnr : rÞA is responsible for directional distortion
and clearly kinematic and directional distortion have been fully
decoupled.
With this form of the yield function evolution laws for k;a, and
A can be derived as sufﬁcient conditions to satisfy thermodynam-
ics following the same procedure as in Section 3.1. However, the
thermodynamics leave open the hardening rule for r, making this
model rather free and ﬂexible.
Following the derivation from thermodynamics in Section 3.1,
the evolution laws for k and a are the same as those given in
Eqs. (23) and (24), respectively, and the evolution law forA is very
similar to that given in Eq. (25), but the term ðnr : aÞ will be
replaced with ðnr : rÞ giving the following:
A ¼ hkiA1 s aj j2 nr : rð Þnr  nr þ 32A2A
 
ð50Þ
Since the evolution rule for r is free, we choose to have an evanes-
cent memory type hardening rule, i.e.,Fig. 1. Starting from the top left of corner the graphs show: shear stress (r12) versus sh
stress (a12) versus shear strain, the normal component of back stress (a11) versus shear str
the position of the ﬁnal yield surfaces, and the evolution of the yield surface with pu
respectively. The yield surfaces are shown in the space s ¼ r12 versus r ¼ r11 projected
graphs.r ¼ 3
2
kq1js aj2ðnr  q2rÞ ð51Þ
where q1 and q2 are non-negative material constants. This equation
forr allows r to reach a ﬁnite limit and perfect plasticity to eventu-
ally be achieved. Furthermore, this is the simplest non-linear hard-
ening rule possible, requiring only two parameters.
In addition, for this alternate yield function, the loading index k
in Eq. (37) must be appropriately altered. Following the same pro-
cedure the following expression for k can be derived from the con-
sistency condition:
k ¼ @f
@r
: r
O
 	
Kp þ a @f
@a
 @f
@a
a
 	
: Xpa þ r
@f
@r
 @f
@r
r
 	
: Xpr

þ2 A . .. @f
@A
 @f
@A
. .
.
A
 	
: XpA

ð52Þ
where Xpr is the plastic spin associated with r and the plastic mod-
ulus Kp is given by
Kp ¼  @f
@k
kþ @f
@a
: aþ @f
@r
: r  @f
@A
:: A
 	
ð53Þ
where r ¼r=hki can be identiﬁed by Eq. (51).
3.4. Plastic spins
As already mentioned, all that remains is a constitutive descrip-
tion of the plastic spins, Xpa and X
p
A for the a-form of the yield
function given in Eq. (12), and for the alternate model Xpa;X
p
A
and Xpr . This will provide the corresponding constitutive spins as
per Eq. (18) a-model and the same supplemented by one more
for the xr and W
p
r ¼ hkiXpr for the alternate model. The only
requirement is that the plastic spins are isotropic functions of theirear strain (c), normal stress (r11) versus shear strain, the shear component of back
ain, the normal component of back stress versus the shear component of back stress,
re kinematic hardening, choice 1, 2, and 3 for plastic spins given in Section 3.4,
onto the plane with r11 ¼ r22. Notice no oscillations are observed in any of the
Fig. 2. Same as Fig. 1 except for g ¼ 1:5 now. Notice no oscillations are observed in any of the graphs.
Fig. 3. Same as Fig. 1 except for a2 ¼ 1:273 now. Notice no oscillations are observed in any of the graphs.
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Fig. 4. Same as Fig. 1 except for A2 ¼ 1:1 now. Notice no oscillations are observed in any of the graphs.
Fig. 5. Same as Fig. 1 except for g ¼ 0:75 now. This leads to D negative, and oscillations in the stress versus strain curves.
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Fig. 6. Same as Fig. 1 except for g ¼ 1:35 now. This leads to D negative, however even though oscillations are predicted, they are too subtle to be visible.
Fig. 7. Same as Fig. 1 except for g ¼ 0:75 and a2 ¼ 1:273 now. This leads to D negative, and very small oscillations in the stress versus strain curves.
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Fig. 8. Same as Fig. 1 except for g ¼ 0:75 and A2 ¼ 1:1 now. This leads to D negative, and oscillations in the stress versus strain curve for kinematic hardening only and for
directional distortional hardening with choice 3 for the plastic spins, but there is no visible oscillations in the directional distortional hardening with choice 1 or 2 for the
plastic spins.
Fig. 9. Same plots as Fig. 1, but all with the alternate model. Notice no oscillations are observed in any of the graphs.
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Fig. 10. Same as Fig. 9 except for g ¼ 39 now. Notice no oscillations are observed in any of the graphs.
Fig. 11. Same as Fig. 9 except for g ¼ 39 and q1 ¼ 1000 now. Notice no oscillations are observed in any of the graphs.
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H.P. Feigenbaum, Y.F. Dafalias / International Journalvariables, making these models very ﬂexible, and several options
will be tested. Using the a-form of the yield function given in Eq.
(12), the following choices will all be tested:
Choice 1Xpa ¼ g as sað Þ; XpA ¼ g ðs aÞ
@f
@r
 @f
@r
ðs aÞ
 
ð54Þ
Choice 2
Xpa ¼ XpA ¼ g=3 s
@f
@r
 @f
@r
s
 
ð55Þ
Choice 3
Xpa ¼ g=3 a
@f
@r
 @f
@r
a
 	
; XpA
¼ g ðs aÞ @f
@r
 @f
@r
ðs aÞ
 
ð56Þ
In addition to the above plastic spins, if using the r-form of the
yield function given in Eq. (49), a deﬁnition Xpr is needed, and the
following will be tested:
Choice 1Xpr ¼ g rs srð Þ ð57Þ
Choice 2
Xpr ¼ Xpa ¼ XpA ¼ g=3 s
@f
@r
 @f
@r
s
 
ð58Þ
Choice 3
Xpr ¼ g=3 r
@f
@r
 @f
@r
r
 	
ð59ÞFig. 12. Same as Fig. 9 except for g ¼ 3 now. This leads to D negThe factor of 3 that appears in Eqs. (55), (56), (58), and (59) was
necessary so that in the case of no distortion the threeXpa would be
the same and in the case of r ¼ a the r-form of the model will
reduce to the a-form of the model.
These choices arose for several reasons. First, for no distortion,
A ¼ 0 and the yield function is the same as that of von Mises, thus
@f
@r ¼ 3ðs aÞ. Substitution of this @f@r into Eqs. (55) and (56) reduces
the Xpa to that in Eq. (54). Thus, distortion alone makes these
choices unique. Second, notice that in choices 1 and 3 the plastic
spin for A involves the product of @f
@r and s a. This is because it
is the presence of A that distorts the yield surface and thereby
makes @f
@r and s a non-coaxial. So again, distortion plays a key role
in the plastic spin. Third, in choice 2, it was desired to have
Xpa ¼ XpA to make the model as simple as possible and therefore,
unlike the other choices, XpA does not involve the product of
@f
@r
and s a, but instead involves the product of @f
@r and s. Note that
in monotonic loading s and s a are coaxial, so in this case, all
three choices for XpA are coaxial. Finally, in general notice that
@f
@r
is along the direction of the plastic rate of deformation Dp, hence,
the various choices reﬂect a plastic spin that depends on the degree
of non-coaxiality of Dp with various other tensors such as
s;a; r; s a (coaxiality would imply a zero plastic spin because
coaxial tensors commute).
4. Large deformation model simulations
Figs. 1–14 all show results for simple shear with large plastic
deformations. In each case the ﬁnal shear strain was 1000%. For
simplicity no isotropic hardening was included. Each ﬁgure shows
results for kinematic hardening only and plastic spins given by
choices 1–3 in Section 3.4. Note that choices 1–3 will all give the
same spin for back stress if no distortion of the yield surface is
present.
of Solids and Structures 51 (2014) 3904–3918 3915ative, and oscillations in all the stress versus strain curves.
Fig. 13. Same as Fig. 9 except for g ¼ 9 now. This leads to D negative, and even though oscillations are predicted, they are too subtle to be visible.
Fig. 14. Same as Fig. 9 except for g ¼ 3 and q1 ¼ 1000 now. This leads to D negative, and very small oscillations in all the stress versus strain curves.
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Table 1
Material constants used in Figs. 1–8.
Figure 1 2 3 4 5 6 7 8
a1 2 2 2 2 2 2 2 2
a2 0.7071 0.7071 1.273 0.7071 0.7071 0.7071 1.273 0.7071
A1 10000 10000 10000 10000 10000 10000 10000 10000
A2 1.5 1.5 1.5 1.1 1.5 1.5 1.5 1.1
g 3 1.5 3 3 0.75 1.35 0.75 0.75
D 0.46 0.082 0.088 0.46 0.85 0.02 2.16 0.85
Table 2
Material constants used in Figs. 9–14.
Figure 9 10 11 12 13 14
a1 0.18 0.18 0.18 0.18 0.18 0.18
a2 10.6 10.6 10.6 10.6 10.6 10.6
q1 200 200 1000 200 200 1000
q2 0.21 0.21 0.21 0.21 0.21 0.21
A1 10000 10000 10000 10000 10000 10000
A2 0.6 0.6 0.6 0.6 0.6 0.6
g 30 39 39 3 9 3
D 0.33 0.55 0.55 2.88 1.38 2.88
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stress (r12) versus shear strain (c), normal stress (r11) versus shear
strain, the shear component of back stress (a12) versus shear strain,
the normal component of back stress (a11) versus shear strain, the
normal component of back stress versus the shear component of
back stress, the position of the ﬁnal yield surfaces, and the bottom
row of plots shows the evolution of the yield surface with pure
kinematic hardening, choice 1, 2, and 3 for plastic spins given in
Section 3.4. The plots of yield surfaces are shown in the space
s ¼ r12 versus r ¼ r11 projected onto the plane with r11 ¼ r22.
The stress path was found to always obey r11 ¼ r22 therefore
all stress points that lie on the yield surface are in this space. TheFig. 15. Same as Fig. 1 except parameters are chosen such that undulations are present in
the yield surfaces are shown in
ﬃﬃﬃ
3
p
s ¼
ﬃﬃﬃ
3
p
r12 versus r ¼ r11 projected onto the r22 ¼ 0evolving yield surfaces are shown at c values of 0.002%, 100%,
250%, 1000%.
The material parameters used to generate each of these ﬁgures
are given in Tables 1 and 2. These tables show that one variable
was changed for each ﬁgure in order to be able to systematically
study the role of a and A, and in the alternate model r, in large
plastic deformations. Also included in these tables is the value
for D, which is deﬁned by Dafalias (1985) as:
D ¼ 1
3
c2rq
2ðae11Þ2 þ 4ð1 qae11Þ3ð2qae11  1Þ ð60Þ
ae11 ¼
1
3q
2þ ð3 ﬃﬃﬃqp  pÞ1=3  ð3 ﬃﬃﬃqp þ pÞ1=3h i ð61Þ
p ¼ 3 c2r
1
2
qha þ 13
 
; q ¼ 1
9
p2 þ ðc2r þ qha  1Þ
3
h i
ð62Þ
q ¼ 2=3g ð63Þ
where cr and ha are the typical Armstrong Frederick material
parameters, which can easily be converted to a1 and a2 used in this
model as follows:
a1 ¼ 23 ha; a2 ¼
3crﬃﬃﬃ
6
p
ha
ð64Þ
Dafalias (1985) showed that the sufﬁcient and necessary condition
for no oscillations to occur in the large deformation stress–strainthe stress versus strain curves with all three directional distortion models. Note that
plane in this ﬁgure.
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ick kinematic hardening with plastic spin given by choice 1, 2, or
3 (since they are all the same in the case of no distortional harden-
ing) is DP 0.
One additional interesting result using directional distortional
hardening is shown in Fig. 15 which uses the nr : a formulation.
The plots in this ﬁgure are the same as those in Figs. 1–14, except
the yield surfaces are shown in
ﬃﬃﬃ
3
p
s ¼
ﬃﬃﬃ
3
p
r12 versus r ¼ r11 pro-
jected onto the r22 ¼ 0 plane (in Figs. 1–14 the plots of yield sur-
faces are shown in the space s ¼ r12 versus r ¼ r11 projected
onto the plane with r11 ¼ r22). Since r22 – 0 during simple shear
loading, the stress path is not contained in this space, and thus the
path is not included in the plots. The parameters in this ﬁgures
were chosen so that undulations in the stress versus strain curves
in Fig. 15 are present for all three choices of plastic spin with the
directional distortion model. These undulations are a unique fea-
ture to directional distortional hardening and are not seen in any
stress versus strain plots with kinematic hardening only (either
large or small deformations).
Based on observations from Figs. 1–15 a few conclusions can be
made. Oscillations, or the change of the sign of the slope of the
stress–strain curve, are only observed when D < 0 where D is given
by Eq. (60) and only depends on Armstrong Frederick kinematic
hardening parameters and q ¼ ð3=2Þg. This suggests that the oscil-
lations, often in the form of simple softening, sometimes seen in
the stress versus strain curves are because of kinematic hardening
and not distortional hardening. Undulations are sometimes visible
in the stress versus strain curve (e.g. Fig. 15). In such cases, the
slope of the stress strain curve remains positive, but the rate of
change of the slope changes sign. These undulations are because
of directional distortional hardening and not kinematic hardening.
However, which directional distortional parameters give undula-
tions is unclear. Generally it seems that choices 1 and 2 for the
plastic spins give more directional distortion, but not always.
Choice 3 seems to generally give more normal stress and slightly
less shear stress. The pattern for evolution of the backstress is
greatly changed by the presence of the directional distortion as
compared to kinematic hardening only and that difference is more
extreme with more directional distortion or with undulations. As
more directional distortion occurs, there is more notable difference
in the results for the three choices of plastic spins, which makes
sense given that all three models are the same in the limit of no
distortion. However, there is no way to determine which of the
three choices for plastic spins gives more realistic results since
there is no large plastic deformation experiments for comparison.
5. Conclusions
The present work is an extension of the paper by Feigenbaum
and Dafalias (2007) to large deformations. In many respects the
development for small and large deformations is identical, but in
the latter case the fundamental differences appear when proper
corotational rates must be used for the evolution equations of
the tensor-valued internal variables. In particular a novel element
is the corotational rates and associated notions of constitutive and
plastic spins for the fourth order anisotropic tensor responsible for
the DDH in large deformations. The difﬁculty of using different
constitutive spins for different variables entering the rate of theplastic part of the free energy was circumvented by the additive
decomposition of the energy to parts with one only internal vari-
able each (see derivation of Eq. (19)). On the other hand, when con-
sidering the consistency condition on the yield surface expression
in order to ﬁnd the loading index (plastic multiplier), the same spin
must be used in the corotational rates of different tensor-valued
variables, and in this case it was necessary to extend previous iden-
tities for isotropic functions derived by Dafalias (1985, 1998) when
the independent variables were vectors or second order tensors, to
the case where fourth order tensor-valued internal variables are
included, as for example Eq. (36). At the end a complete theory
of DDH for large deformations emerged, with pending issues being
the choice of appropriate expressions for the plastic spins. Several
choices were tested by simulation of large simple shear where the
role of the DDH was illustrated. A deﬁnite choice of the more
appropriate expression for the plastic spin in this case depends
on availability of experimental data. One issue that was not
addressed is the convexity of the yield surface during distortional
hardening, but it is expected the results will be same as the ones
obtained for small deformations in Plesek et al. (2010). In conclu-
sion this paper is addressing mainly the complicated theoretical
framework of DDH under large deformations with expectation to
address simulations of data in a future work.
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